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4.1 (95947 - &)

4 Let X, X,, X, be three independent random variables each with mean 0 and
variance 1. If letting V' =2X, ~ X,and Z =2X, + X,, then what will be the
correlation coefficient of these two random variables ¥ and 77

1

(D0 @) =5 () -t (g (5) 1

(%]
cov(Y,Z)=cov(2X; — X5,2X, + X;)

=CoV(2X,2X,)+cov(2Xy, X3)+cov(—X;,2X, ) +cov(—X,, X;)
(X3

X;)=1

var(Y)=var(2X, - X5)=4var(X,)+var(X;)=5

=Ccov

var(Z)=var(2X, + X;)=4var(X,)+var(X;)=5

cov(¥,Z) 1

) \/var(Y )\/var(Z) -

gl

4.2 (94| - 147

+ ~ EARSHERFHNERAZEEEM - A ELAERBSALE N(100,
300) » B ESHHTHTRSACE: N(80, 200) » C LI HIES MG N(120, 400) »
S A RO RE =0 AN » R
(1) DEEH R8T ? (7%)
(2) 24 FI 0 15 RO RE 72 AT 7 (8%)
(3) 5 H RS 5 B 270 BRI ? (10%)

(%]
)
E(Xa+Xg+Xc)=E(X,)+E(Xg)+E(Xc)=100+80+120 =300

)
var( X, + Xg + X ) =var(X, )+ var(Xg )+ var( X ) =300+ 200+ 400 = 900

Oy, axyex, =\Var(X4 + Xg + X¢ ) =+/900 =30
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3)
¥ =Xyt X + X FRHEIE : g =300 ~ oy =30

P(Y <270)= P(Z<M

:_1j=o.1587 (A%
Y IEP(—1<2<1)=68% 45T -

4.3 (94‘:%:%]{-_5???)

13. Round-off error has a uniform distribution on [-0.5,+0.5] and round-off errors are
independent. A sum of 50 numbers is calculated where each is of the form

XXX.D, rounded to XXX before adding. What is the probability that the total
round-off error exceeds five?

(A) 0.0071 (B) 0.0081 (C)0.0091 (D)0.0101 (E)0.0111

(]
=X+ X, +--+ Xg

Y
X; k57 [-0.5,+0.5] PUsSZ 3 » X ~ X o iz | VRS o

E(X;)=0, var(xi)zwzé

1
Yﬁlﬂﬁjf SR (AR E(Y)=0, var(Y)=50><E

5

P(Y>5)= P[z> 2

- 2.45} =0.0071 (H##*)

4.4 (94-%p1-7 7))

MM H XY AR EEE L

f,y)= re, x>0, y>0,x+y<1

(ﬁ)(g’;})ﬁthc{ﬁo
D A0 ) F Z=X+Y » LK E Zaypdf -

(7]
(a)
ol “edydx = [ic(1-x)dx= C% =1 = c=2
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(b)
F(z SZ)=IOZJ.(:7X2dde=ZZ, 0<z<1

f(z):%F(Z):Zz, 0<z<1

4.5 (9417 - AT)

5. (FH4Y) Let X be the mean of a random sample of size 25 from a normal distribution with
mean=75 and variance=100. What is the distribution of X ?

(=]
X 5 ug = =75 ~ o =\’ /n =,/100/25 = 2 iR

4.6 (941 -fIFE)

2. Let X and Y be random varlables, let ux (uy) and o% (of) be the mean and
varlance of X (Y), and let oxy be the covariance between X and Y.
" A. (10%) Show thet E(Y?) = o} + 2.
B. (10%) Show that E(XY) = oxy + txpy.

C. (15%) Show that 0%y < o%o}. [Hint: One possible way to prove this needs
to use V(aX + bY) = a’o% + 20boxy + bo}.]

(]

(@)
ot =E[(Y —a )| = E[Y2 2 + 4 |= E(V2) -2 (V) i = E(Y?)- s
= E(Y?)=0f+4

(b)

oy = EL(X = )(Y = 1t ) = E[XY =t X = 1Y + pae ]
= E(XY)_ﬂYE(X)_#xE(Y)+ﬂxﬂY = E(XY)_IUXIUY

= E(XY) =0y +
(©
var(aX +bY)=a’c} +2aboy, +b’cy 20 = -2abo,, <a’cy +b’cy
—?Jazoy,bz—ax = 20,0,0, <0L0% + 0500 =2050; = 0,0,0 <0400
—?Jazoy,bzax = —0,0,0, <0L0¢
[“I'“(o- oyOo )2<(0'20'2)2 = (0' )2<0'20'2
e xOvOxy ) =|0x0y xy ) SO0xOy
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4.7 (94-1%7 - [l fae )

(l) K#‘I’ti&ﬁﬂﬁﬁ'i&!{* (8 o)
(2) . Jc+Ya!Eﬁ’-ﬁ-V{X+Y) (6 4)

(3) X R Y zAMAE . 0(XY) - (69)

1&&4&’!&}{‘{ Lﬁ%*ﬂc$lﬁ'ﬁuﬁ|ﬁ.ﬂ f{x,y) =8xy,0<x <y<l

ST E

(#E]

M)

)

®)

X)= J'i f(x,y)dy =ji8xydy = 4x(1— x2)

Y) = J.oy f (x, y)dx = J.oySXydx — 4yy? = 4y

var(X +Y)=var(X)+var(Y)+2cov(X,Y)

E(X)=I§Xf(X)dx=j;4x2(1_xz)dxzﬂ_ﬂzi
2)=[*x? Layd 2 4 4
E(X?) =[x f (x)dx=[[4x°(1-x )dXZZ_E:

1 8 8 11
var ( ( )[E ] GRS

Y):j;yf (y)dy:j;4y4dy=g

4 2
E(Y?)= oy f(y)dy =[jay*dy ==~

4 4 6
var (Y ( )[E ] __EXE o

XY )= j;jxlxyf (x,y)dydx = j;jxl8x2y2dydx = j;8x2 %(1_ xs)dx _°

4 8 4 4
X.Y =E XY —E X E Y - X — = —
cov(X,Y)=E(XY) ~E(X)E(Y) =5 ~15% 5= e

var(X +Y)=var(X)+var(Y)+2cov(X,Y)= i,

4 1

cov(X,Y) B 4/225 4

- Jvar(X) Jvar(Y)  |11/225./6/225 ~ J66

4.8 (94-3%7" ﬂ-Fl )

©2006 i R (B D
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LEIRINGR R ot ol ol DTSR Bl bit e Cls

2. iﬁiﬂ’“ﬂﬁ 4 AT, ﬁﬁ:ﬁﬁ%ﬂﬁ 2, 3 3 4 {ﬁm)
(1) WE EfFLJ.PFﬁRIElHﬁ:’iﬂﬁtﬁﬁh&ﬁfﬁiIﬁﬁﬁﬁ.ﬁﬁﬂijﬁﬂjﬂﬁﬁﬁﬁﬁ X

BRI ST oo EC. (10 53) B
@ HARREY B S HHSER MR FARREY B S BEEABB 4R’ ZF

fRfsaEt=C (1043)

(i)
(1)
BAAM X & X P(X) S P(s?)
X, X, 2 0 2 1/16 0 6/16
X, X, 2.5 05 /> 2.5 4/16 0.5 8/16
X, X, 2.5 0.5 3 6/16 2 2/16
X, X, 3 2 35 4/16
X, X, 25 0.5 4 1/16
X, X, 3 0
X, X 3 0
X, X, 35 0.5
X3 X, 25 0.5
X3 X, 3 0
X3 X, 3 0
X X4 35 0.5
X, X, 3 2
X, X, 35 0.5
X, X, 35 0.5
X4 Xy 4 0
)
:#23, 02222+32232+42_32=0.5

E()?)=2xi+2.5xi+3x£+3.5xi+4xi=3
16 16 16

16 18 M

E(sz)=ox£+o.5x§+2x3=o.5=a2
16 16 16
FIELT IR B -

4.9 (94T i)

4. (10 points) Transformation of random variables.

A If x~ N(o,0") and y=2x?, then find out the probability density function of y.
Is y a normal random variable?

B. Let X ~ Beta(2,3),i.e X is a random variable form a beta distribution with
parameters of 2, and 3 over the range [0,1]. What is the probability density function of
Y=Xx%7
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(A)
1x
1
f, (x)= e 20
X( Nerno
1 1
y=2¢ = x=—oyb Ox__1

= 9= -
2 dy 2\/§y

1 x? 1y
[ — 7; R
1 20 1 yEe i yso

1 1
f =|J| f —_— _y2 _
Y(y) | | X (X) 2\/§y N2ro Wro
oy ORI 28] L 5T

(B)

_T(@+B) g 1 2
fx(x)_l“(a)l“(ﬂ)x (1-x)"" =12x(1-x)", 0<x<1
2 3 _dx_l -1
y=x°" => x=y? = J_—dy_zy2

1 1
fy(y)=|J|fx(x)=Ey 212x(1—x)2=6(1—\/§)2, 0<y<1

4.10 (9475 -4

2. Expressvar(2X +Y), var(X -3Y), and cov(3X+Y,X -3Y) in terms of the
variances and covariance of X and Y. (12 points)

[##]
var(2X +Y)=var(2X)+var(Y)+2cov(2X,Y)=4var(X)+var(Y)+4cov(X,Y)
var( X —3Y ) =var(X)+var(3Y)+2cov(X,-3Y)=var(X)+9var(Y)—6cov(X,Y)

cov(3X +Y,X —3Y)=cov(3X, X )+cov(3X,-3Y)+cov(Y, X )+cov(Y,-3Y)
=3var(X)-9cov(X,Y)+cov(X,Y)-3var(Y)
=3var(X)-3var(Y)—-8cov(X,Y)

411 (947 -fy%)

2. A theorem that allows us to use the normal probability distribution to approximate the
sampling distribution of sample means and sample proportions whenever the sample
size is large is lmown as the .

A. Approximation Theorem

B. Normal Probability Theorem
C. Central Limit Theorem

D. Central Normality Theorem

P_ﬁ
»
D

!
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(7]
(©)

4.12 (947 Ay

3. As the number of degrees of freedom for a't distribution increases, the difference
between the t distribution and the standard normal distribution

A, Becomes Larger

B. Becomes Smaller

C. Stays the Same

D. None of These Alternatives Is Correct

(=]
(B)

4.13 (93-Z5K[ T

12. Suppose that the length of life in hours, say X, of a light bulb manufactured by
company A is normally distributed with mean 800 hours and variance 14400
(hours)?, and the length of life in hours, say ¥, of a light bulb manufactured by
company 8 is normally distributed with mean 850 hours and variance 2500
(hours)*. One bulb is selected from each company and bumned until “death.” What
1s the probability that the length of life of the bulb from company A4 exceeds the
length of life of the bulb from company B by at least 135 hours?

(A) 0.2267 (B) 0.24 (C)0.2673 (D) 0.2829 (E) 0.3085

[i#]
X EVHRESTPE ¢ g =800 ~ o = /14,400 =120
Y SR ¢y =850 ~ oy =+/2,500 =50
FP(X -Y >15)
X =Y ELHTESTTE ¢ gy =800-850=-50 ~ oy = /14,400 + 2500 =130

15—(-50)

~Y>15)=P| 2>
P(X Y >15) (z 50

= o.5j =0.3085 (fi#)

4.14 (93-ZF[ A -¥y)
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14. Let X, X3,...,X; be a random sample of size 5 from N(0, ¢ 1}. Find the constant

C so that C(X;-X2)/ | X7 + X} + X} has a t-distribution.

(A)0.5 (B)0.6667 (C)0.8165 (D)12247 (E)1.5
(]
zZ

t 53 [l iUz 1
TPl i

X, - X,
f= Ox,-X, X=X, \/7
_\/[(x3)2 (ﬁ %) }/ Voo \/x + X2 +x2 \/x + X2 +x2

= C= \/g =1.2247

4.15 (93-:%—%[4\ s P i)
15. The coeflicient of variation (C.V.) for a sample of values Y, Yo, ..., Y, is defined
by

CV.=8/Y.
This quantity is sometimes informative. For example, the value =10 has little
meaning unless we can compare it to something else. If S is observed to be 10
and Y is observed to be 1000, the amount of variation is small relative to the size
of the mean. However, if § is observed to be 10 and ¥ is observed to be 5, the
variation is quite large relative to the size of the mean. Let },,Y;,..., ¥, denote a
random sample of size ten from a normal distribution with mean 0 and

variance o> . Find the number ¢ such that

0 s-;f‘_; < )} m 0,95,

(A)0.95 (81510 (C) 10 (D) 24.05 (E)49.04
(7]
Y Ao A Tl —1p9t 55l
S / L I
t%:o.os,dfzg =2.2622 > q[|

» | <]
I\

1 Y _ Vo, v _Vi0)_
R e

P[—csigcjzp(ig—lﬁ\}
Y s C
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. 10 Y

t =0.0645=— =

2-0.95,df =9 c = 00645 49.03

CFIFIE 9t 53 » 7 @ =0.95 » i A MY [+ 0.0645 - )

4.16 (9347 -7 )

— + (10%)fSioi g fE PR 2 22 (Central Limit Theorem) °

F X X, X B d, > eI R~ ASER gpfng?g ; ﬁ
X+ X, ++ X,
n

PIEi =g X O LT Sl o/\n {5 e -

X =

4.17 (93451 -1 &)

(3) Let X}, X3, ..., Xq be independent random variables that all have the same probability
distribution, with mean [} and variaﬁce a’. Since we know that X = %EX,. , then
. =l
E[ X ) and Var[ X ] are the value of ____ and , respectively.
(@pmando’n  (b)Panda’n  (c)Bands®  (d) P/nand o?

(%)
£(X)=p. var(X)=2

4.18 (93-15)" - [&@)

5. Let X and Y be two independent random variables with pdf's

f(x)=e* x>0,and f,(¥)=e” y>0
Find f;(2) for Z=X+Y.

(7]
f (z):j’ f, (z—x) fy (x)dx:joze’(z’x)e‘xdx= e’ >0

4.19 (933517 -fjfiE )

7. Suppose that X and Y are uniformly distributed over the triangle with vertices
(1, 0), (0, 1) and (-1, 0).
(d)Find Pr(X s3/4,Y <3/4).
(e)Find Pr(X -Y 20).
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(i)
(%) s

A
y
(0.1)
20 10) x
1
g f(X'Y)ZH > I
1 (- 1
jy oo ilf(x y)dxdy =1 = jy ij y_1dedy——j (2-2y)d E(Z—l)zl
= m=1
(d)
A
y
(0.1)
3
4
1
4
"~ (-10) 3(10) x
P(x <3y <3)=[l[L, oay+[] [ oxdy= (G-y)ay+[],(2-2y)dy
2 2 29
[P [ - W5
(e)
A
y
(0.1)
X=Yy
0 L0) X
1
0)=Jy ol ddy = (1-2y)dy=3-(3) =
4.20 (93-r= i)
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6. (30%) Let I, Y3, I3, and Yy be independent, identically distributed random
variables from a population with mean x and variance o

Let ¥V =—(} +Y, +Y; +¥,) denote the average of these four random variables

a. What are the expected value and variance of ¥ in terms of uand &7
b. Now, consider a different estimator of u:

w=lvily o ly Ly
g gty

Show that W is also an unbiased estimator of 4 and find the variance of .

Based on your answers to parts (a) and (b), which estimator of x do you
prefer, Y or W?

C.

(7]
(@)

E(V)=E[2(Yi+Y, +Ys+Y,) | =4[ E(Y)+E(Y,)+E(Ys)+ E(Y,) | = %(4n)
var(Y) = var[l(Y +Y,+Y, +Y4)]

= var(Y,) +var(Y,) +var(Y;) + var (Y, ) | =i (40° ) =

(b)

EW)=E[3Y,+3Y, + 3+ 1Y, | +du+duvlu=u

var (W) =var[ 1Y, + 2V, +3Y, + 1, [=(}) o® + %)20 +(}1)202+(%)202=1—%02
(c)

[ﬂvalr(\?)z%a2 <var(W)=1ro? » Al [t 5% (efficiency) PJF; s Y FEW o

4.21 (937 A%
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1'1. Consider the following transformation where X, and X, are independent, each
with the uniform distribution U (0,1). Let

Z1=q—2 lar;mﬁ-'-,_cos(2 7t Xq), and 2231/—- 2In X, sin(2 7 X3)
Then, the joint p.d.f. of z; and z; is

1 2t + z§ '
(A) gz, 22)= -— cxp(ﬂ--—-iw— ), ~o0<Z)<00,-00<2Z; <00,

+z2
(B) g(z;, z2)=— fexp(-.f~’————w—?~), ~00<Z, | 00, ~00< 2 <00,

O) g(zy, za)= wlmc p( L),  ~00<g7,<00,-00<Z,<00.

(D} None of the above

(7]
(A)~(B)~ (C)H'EJE (B) TRUFFA R > PR (B) ~ (D) ¥ =kl i

f_oof_w by = N re 2" drdg =27

[[FPdxdx, =1 = f(X.X,)=1

2, =4/-2In X, cos(27X,) X, = g HE )
- - = _ 1 ant
z, =+/-2InX;sin(27X,) X, =5=tan™(z,/z,)

% — _Zlef%(ll +Zz), % _ _Zzef%(Zl +ZZ)
0z, Z,
X, 1 17 oX, 1 7
o, 2rit+zi o1, 2mit+1id
% % —%(zfﬂzz) —%(zfﬂzz)
j_|em om|_|TE° e __ L )
Tlox, ox,| Tl 1 n 17T
_— — 2 2 2 2
oz, o, 2w Iy +1; 2w Ii +1,

1 e
= 9(2.2,)=]3]F (Xp X,) = e HEE)
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